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Abstract 

We present two conjectures concerning the diameter of a direct power of a finite group. The first 
conjecture states that the diameter of G” with respect to any generating set is at most n(|G| —rank(G)); 
and the second one states that there exists a generating set A, of minimum size, for G" such that the 
diameter of G" with respect to A is at most n(|G| — rank(G)). We will establish evidence for each of 
the above mentioned conjectures. 


1 Introduction 

There are several results concerning the calculation of the diameter of a finite group in the literature 
(e.g.,[Il[2l[3]). But, it is the first time that the author is explicitly interested in the diameter of a direct 
power of a finite group. In fact, the motivation comes from a semigrooup problem. More precisely, in [7] 
the notion of depth parameters for a finite semigroup has been introduced and beside estimating the depth 
parameters of some families of finite semigroups, the behaviour of one of the depth parameters with respect 
to the direct product and wreath product have been verified . There, the diameter of a direct power of a 
group play an essential role in the control of the length of elements in the group of units of a semigroup. 

Let G be a finite group with a generating set A. By the diameter of G with respect to A we mean the 
maximum over g ^ G ol the length of the shortest word in A representing g. Our definition here is a bit 
different from the one which has been usually considered in the literature. Usually group theorists define 
the diameter to be the maximum over g & G of the length of a shortest word in A U A~^ representing 
g. Let us call this version of the diameter to be “symmetric diameter”. An asymptotic estimate of the 
symmetric diameters of non-Abelian simple groups with respect to various types of generating sets can be 
found in the survey [3], which also lists related work, e.g., on the diameters of permutation groups. We are 
interested in the behaviour of the diameter with respect to the direct product. Specially, we focus on the 
direct power of a finite group. More precisely, let G be a finite group and G” be the n-th direct power of 
G. Let A be a minimal generating set of G”. Our objective is to find a reasonable answer to the following 
question. How large can be the diameter of G” with respect to A? A simple argument shows that the 
diameter of a group with respect to any generating set is bounded above by the group order minus the 
group rank (see Proposition 12.Sp . This bound is tight for cyclic groups. It is obvious that G” is not cyclic 
for n > 2 and |G| ^ 1. Then, the following natural question arises. Is there any smaller upper bound (less 
than IG""! — rank(G"')) for the diameter of G”? In fact, |G|"' — rank(G"') is exponentially large in terms of 
|G|. The more precise question in which we are really interested is whether the diameter of a direct power 
of a finite group is polynomially bounded. These questions lead to the following conjectures. Throughout 
this paper, G"' denotes the n-th direct power of the group G. 
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Conjecture 1.1 (strong). Let G he a finite group. Then the diameter D{G^) is at most n{\G\ — rank(G)). 

Conjecture 1.2 (weak). Let G be a finite group. Then there exists a generating set A for G'^ of minimum 
size such that 

diam(G’^,^) < n(|G| — rank(G)). (1) 

Note that both conjectures hold for trivial groups. As the second conjecture is a consequence of the 
first one, it may be easier to establish. Anyway, each of the proposed conjectures has advantages and 
disadvantages when attempting to prove them. The difficulty in proving the weak conjecture is dealing 
with generating sets of minimum size for the direct powers of finite groups. Finding such a generating set 
is itself a problem. Nevertheless, there exist in the literature many results concerning the computation 
of the rank of a direct power of a finite group, e.g., [m n Eg [m HU. On the other hand, every direct 
power G^ of a finite group has a generating set, called canonical generating set iDefinition 14.11) . which 
satisfies the inequality m- So, the weak conjecture for groups whose rank is equal to the size of the 
canonical generating set is true. For instance, the canonical generating set for direct powers of nilpotent 
groups is a generating set of minimum size (Corollary 14.4h . Therefore, nilpotent groups satisfy the weak 
conjecture easily. However, the canonical generating set is not always a generating set of minimum size. 
Then the difficulty of establishing the weak conjecture appears when we consider the groups for which the 
rank of their direct powers is not equal to the size of the canonical generating set. On the other hand, the 
strong conjecture concerns arbitrary generating sets. It has the advantage that there are many results in 
the literature concerning the computation of the diameter of a finite group with respect to an arbitrary 
generating set. Hence, we may use the upper bounds obtained by other authors to approach the strong 
conjecture . 

This paper is organised as follows. After Preliminaries, in Section [3l we show that Abelian groups 
satisfy the strong conjecture. Section |4] deals with generating sets of minimum size for direct powers of 
finite groups. In Section [hj we show that the weak conjecture is true for nilpotent groups, symmetric 
groups and the alternating group A 4 . Also we show that the weak conjecture holds for dihedral groups 
under some restrictions on n. Finally, in the last section, we present some polynomial upper bounds for 
the diameter of a direct power of a solvable group. 

2 Preliminaries 

Since the notion of diameter of a finite group has different definitions in the literature we introduce here 
our definitions and notation precisely. 

Let G be a finite group with a generating set A. Denote by A~^ the set {a“^ : a € A}. By the symmetric 
length of an element g ^ G, with respect to A, we mean the minimum length of a sequence which represents 
g in terms of elements in A U A~^. Denote this parameter by l\{g). 

Now, we have the following different definitions for the diameter of a finite group with respect to a 
generating set. 

Definition 2.1. Let G he a finite group with generating set A. By the diameter of G with respect to A we 
mean 

diam(G, A) := max{Z^(( 5 r) : g € G}. 

Definition 2.2. Let G he a finite group with generating set A. By the symmetric diameter of G with 
respect to A we mean 

diam®(G, A) := m.aK.{l\{g) : g € G}. 

Notation 2.3. Denote by D[G) {respectively D^{G)) the maximum diameter (respectively symmetric di¬ 
ameter) over all generating sets of G. 
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Remark 2.4. Let G be a finite group with a generating set A. For g ^ G we have l\{g) < lA{g) cmd 
D%G) < D{G). 

The terminology of diameter and symmetric diameter of a group comes from the diameter of the Cayley 
graph and the directed Cayley graph of a group. 

Definition 2.5. By the Cayley graph of a group G with respect to a generating set A we mean the graph 
whose set of vertices is G and such that there is an edge between gi, g 2 ^ G if and only if gf^g 2 G A\JA~^. 
We denote this graph by Cay(G, j4). 

Definition 2.6. By directed Cayley graph of group G with respect to a generating set A we mean the 
directed graph whose set of vertices is G and such that there is an edge from gi to g 2 if and only if 
§ 1^92 G A. We denote this graph by Cay(G', A). 

Definition 2.7. A directed graph is called strongly connected if it contains a directed path from u to v 
and a directed path from v to u for every pair of vertices u,v. 

The distance between two vertices in a connected graph is the length of the shortest path between them. 
In the case of a strongly connected directed graph the distance between two vertices u and v is defined as 
the length of the shortest path from u to v. Notice that, in contrast with the case of undirected graphs, 
the distance between u and v dose not necessarily coincide with the distance between v and u, so it is not 
a distance in the metric sense of the word. We consider the diameter of a (strongly connected directed) 
graph as usual, that is, the maximum of distances between two vertices over all pairs of vertices in the 
vertex set. It is easy to see that the symmetric diameter of a group with respect to a generating set is 
equal to the diameter of the corresponding Cayley graph; and the diameter of a group with respect to a 
generating set is equal to the diameter of the corresponding directed Cayley graph (note that the directed 
Cayley graph of a group is always strongly connected). 

The following proposition gives a general upper bound for the diameter of a finite group. 

Proposition 2.8. Let G be a finite group. The inequality D{G) < |G| — rank(G) holds. 

Proof. Let X be an arbitrary generating set of G. It is enough to show that diam(G,X) < |G| — rank(G). 
We can suppose, without loss of generality, that 1 ^ X. Let diam(G, X) = t. There exist g & G and 
xi,X 2 ... ,xt € X such that g = xiX 2 ---xt and t is the smallest number for which g has such a kind 
of decomposition in X. Hence xi,xiX 2 ,..., xiX 2 ■ ■ ■ xt are t distinct non identity elements of G. On the 
other hand, X has |X| — 1 elements distinct from xi,xiX 2 ,..., xiX 2 ■ ■ ■ Xf. By adding the identity to these 
distinct elements we get \G\ > t + |X| — 1 + 1, which gives the inequality diam(G,X) < |G| — |X|. Now, 
the result follows from rank(G) < |X|. □ 

3 Abelian groups and the strong conjecture 

A canonical decomposition of a finite Abelian group G is an expression of G as a direct product of cyclic 
subgroups whose orders mi, m 2 ,..., mk satisfy | mi-i for i = 1,2,..., fc. Then, mi, m 2 ,..., mk are the 
invariants of G. Following the notation in [8], we say G is of type (mi, m 2 ,..., mk). By using the following 
theorem which has been proved in [9] it is easy to show that Abelian groups satisfy the strong conjecture. 

Theorem 3.1. Let G be a finite Abelian group of type (mi, m 2 ,..., mk) . We have 

k 

D(G) = ^(m.-l). 
i=l 
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Corollary 3.2. Let be a direct power of a finite Abelian group G. The following inequality holds: 

D{G^) = nD{G) < n (|G| - rank(G)). 


Proof. Let G = Ci x 6*2 x • • • x (7^ be a canonical decomposition of G. We have 


G” ^ Cl” X X • • • X 


Using Theorem 13.11 we obtain 


L>(G”) = |]n(|C’.|-l) = n^(|C’.|-l)<n(|G| — rank(G)). □ 


2=1 


2 = 1 


4 Generating sets of minimum size 

Finding a generating set of minimum size for a direct power of a group is itself a problem. Nevertheless, 
there exist in the literature many results concerning the computation of the rank of a direct power of a 
finite group, e.g., [EKHKISIIISIIIT]. We use such kind of results to find generating sets of minimum size 
for direct powers of some families of finite groups such as the symmetric group Sn and the dihedral group 
Dn- With a different approach (see 0) we establish generating sets of minimum size for the direct powers 
’^here is the alternating group of degree five. 

Definition 4.1. Let G be a finite group with a generating set A. By the canonical generating set of G^ 
with respect to A, we mean the set 

i th 

G”(A) := {(1,..., a ,..., 1) : i G {1, 2,... , n}, a E 4.}. 

Lemma 4.2. Let G be a finite group with a generating set A. For n > 1 the following inequality holds: 

diam(G”, G”(4.)) < n diam(G, ^4). 

Proof. For given {gi,g 2 , ..., gn) G G” we have {gi,g 2 , ...,gn) = OILiClj ■ ■ ■ ^ 9i, ■ ■ ■ A)- Then, we have 

n 

h"{A){9l, 92, ■ ■ ■ ,9n) < ■ ■ ■ ,9i, ■ ■ ■ ,A- 

2=1 

By the definition of G”(4.), for i> 1, we have 

< diam(G,4) 

which gives the desired conclusion. □ 

Lemma 4.3. [13] Let G be a finite group and k he a positive integer. The following inequalities hold: 

/crank(G/G') < rank(G^) < A:rank(G), (2) 

where G' is the commutator subgroup of G. 

The following is an application of Lemma 14.31 

Corollary 4.4. Let G be a finite group. /frank(G) = rank(G/G'), then the following equality holds: 

rank(G”) = nrank(G). (3) 

In particular, nilpotent groups satisfy this property. 
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Proof. The first statement is an immediate consequence of Lemma 14.31 We prove the second state¬ 
ment. Note that, if iL is a homomorphic image of a finite group G, then rank(Lr) < rank(G). There¬ 
fore, it is enough to show that rank(G) < rank(G/G') for every finite nilpotent group G. Let A = 
{giG', g 2 G',... ,gkG'} be a generating set of GjG' of minimum size. Consider an arbitrary element g a G. 
There exist some ■ ■ ■ ,ii G {1, 2,... , /c} such that gG' = gi^i^gi^ ■ ■ ■ gifi'. This shows that G is gen¬ 
erated by together with some elements in G'. Because G is nilpotent, it is generated by 

{g\i 92 -, ■ ■ ■ T Qk} alone, see [ini page 350]. Therefore, we get rank(G) < rank(G/G'), which completes the 
proof. □ 


Definition 4.5. A group is said to be perfect if it equals its own eommutator subgroup. 

Lemma 4.6. Let G be a finite group which is not perfect. If G can be generated by k elements of mutually 
coprime orders, then 

rank(G”) = n, 

for n > k. 

Proof. Because G is not perfect, it follows from Lemma 03] that rank(G"') > n. Suppose A = {oi, 02 ,... ,ak} 
is a generating set of G such that the afs are of mutually coprime orders. Let n > k. We construct a 
generating set of size n for G”. For 1 < i < n, define the elements gi G G” as follows: 

i th 

gi = {1,... ,''^,02 ,... ,afc,..., 1) for 1 < i < n - /c -t- 1, 

i th 

9i — (^n—2+2; ^n—2+3; • • • ; 1; • • • ; 1; ^1 ; • • • ; 2+l) for 71 k -\- 


We prove that G = {gi,g 2 , ■ ■ ■ ,gn} is a generating set of G*^. If we show that G generates G'^{A), then we 
are done. Choose an arbitrary element (l,...,aj,...,l) G G'^^A). Since the afs are of mutually coprime 
orders, there exists a positive integer i such that 

(1,... , Oj, . .. , 1) = (1,. . . , fll,. . . , fli, • •• , Ufc, • • • ) 1) • 


This yields the desired conclusion. 


□ 


4.1 Symmetric groups 

Denote by ord{g) the order of a group element g. 


Lemma 4.7. For n > 3 the symmetric group Sn can be generated by two elements of coprime order. 
Proof. Dehne the permutations a, a' and b as follows: 


and 


A23... n\ ,_A23... n\ 
^2 3 4 ... 3 4 ... 2 ) 



It is known that the full cycle a and the transposition b generate Sn [£]. On the other hand, note that 
a'b = a. Hence the sets {a, b} and {o', b} are generating sets of Sn. Note that 


ord(a) = n, ord(6) = 2, ord(a') = n — 1. 


Therefore, for odd n, the set A = {a, 6} and, for even n, the set A' = {a',b} are the desired generating 
sets. □ 
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Corollary 4.8. For k >2, the equality 

rank(S'^) = k, 

holds. 

Proof. Since the derived subgroup of Sn is An and Sn is not perfect, the assertion follows immediately by 
Lemmas 14.61 and 14.71 □ 


4.2 Dihedral groups Dn 

Definition 4.9. The dihedral group Dn is the group of symmetries of a regular polygon with n sides. 

We consider the dihedral group Dn as a subgroup of Sn. 

Proposition 4.10. For odd n and k>2, the rank of D^ is k and, for even n, the rank of D^ is 2k. 

Proof. Suppose for the moment that n is odd. Let 

_ (I 2 3 ... n\ ,_A 2 3 ... n-1 n\ 

3 4 ... ly’ ~ \1 n n-1 ... 3 2y‘ 

It is easy to check that A = {a, b} is a generating set of Dn. Because a, b have coprime orders, Lemma 14.61 
gives the desired conclusion. 

Now let n be even. The commutator subgroup of Dn is a cyclic group of order and the quotient 
group is the Klein four-group and thus 

rank(^) = 2. 

On the other hand, we have rank(i4„) = 2. Using Corollary 14.41 we get rank(L)^) = 2k. □ 


4.3 Alternating groups An 

The following example gives a generating set of minimum size for a direct power of the alternating group 
Ai. 

Example 4.11. It is easy to see that A 4 is generated by the two elements 


a = {l 2)(3 4), /? = (1 2 3). 


Since A 4 is not perfect and a, ft have coprime orders by Lemma\4f^ the rank of A^ is equal to n, for n > 2 . 


Recall that the alternating groups An for n > 5 are simple. Since non-Abelian simple groups are perfect, 
the alternating groups An for re > 5 are perfect. There is a different approach to compute the rank of the 
direct power of perfect groups using the Eulerian function of a group (see mm)- The following lemma is 
a consequence of the results in [S] . 


Lemma 4.12. Let G be a non-Abelian simple group. If G is generated by re elements, then the set 
{(oji, 0*2 • • •, CLik) : f = 1,..., re} will generate G^ if and only if the following conditions are satisfied: 


1. the set {oij, 02 *,..., o***} is a generating set of G for i = 1,..., k; 


2. there is no automorphism f : G ^ G which maps {an, 02 *,..., Uni) to (oy, 02 ^, ..., Unj) for any i j. 

Furthermore, in |5] Hall shows that the alternating group A^ satisfies Lemma 14.121 with re = 2 for 
1 < /c < 19 and not for k > 20. 

Therefore, the following is an immediate consequence of Lemma 14.121 
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Corollary 4.13. A pair (si,..., Sfc), (ti,..., tk) will generate if and only if the following eonditions are 
satisfied: 

1 . the set {sjjij} is a generating set of A^ fori = 

2 . there is no automorphism f : A^ ^ A^ which maps {si,ti) to {sj,tj) for any i / j. 

Furthermore, k = 19 is the largest number for whieh these eonditions can he satisfied. That is, the rank of 
Al is equal to 2 if and only if I < k < 19. 

4.4 Solvable Groups 

The following theorem has been proved by Wiegold in Ha- 

Theorem 4.14. J77F Let G be a finite non-trivial solvable group, and set rank(G) = a, rank(G/G') = fi. 
The equality rank(G”) = fin holds, for n> affi. 

5 Diameter of direct powers of groups 

Here, we present some families of groups which satisfy the weak conjecture. 

Remark 5.1. Every group G with the property 

rank(G'"') = nrank(G), (4) 

satisfies the weak conjecture. More precisely, if A is a generating set of G with minimum size then C"'(A) 
is a generating set of minimum size for G”. So, the statement is obvious by Lemma \4^ 

Then it suffiees to justify the weak eonjecture for groups that do not have property &■ In particular, 
by Gorollary \4.4\ every nilpotent group has property @ ■ 

Proposition 5.2. Let G be a solvable group sueh that a = rank(G) and fi = rank(G/G'). Then G"' 
satisfies the weak conjecture for n> 

Proof. By Theorem l4.14l we have rank(G”) = nrank(G/G'). Since GjG' is Abelian, we have rank((G/G')"^) = 
nrank(G/G'). Moreover, since G^jifG'Y = {fGjG'Y and (G')" = (G”)' we get rank(G”) = rank(G’"/(G”)'). 

It means that satisfies the property of Corollary 14.41 Now the result follows from Remark 15.11 □ 

Remark 5.3. Let ( 51 , 52 , • • • ,gn) G G” = (A). Sinee (fl' 1 , 52 , ■ ■ ■ ,5n) is a product of n elements of the form 
(1,..., g'j,..., 1), then we have 

n 

lA{gi,g2 ,---,gn) < ^U(i,• • • ,£/i,• • •,i)- (5) 

i=l 

The following easy lemma gives an upper bound for the diameter of a direct power of a finite group G in 
terms of the diameter of the group G. We use this lemma in the next section to prove that the symmetric 
group Sn satisfies the weak conjecture. 

Lemma 5.4. For a given generating set A of , we have 

n 

diam{G^,A) <MIa{G^{X)) ^ diam(G, Avri), 

i=l 

where 

n 

.Y = lJ(A»i\{l». 

i=\ 

and -Ki : G^ —>■ G maps each element to its i-th cordinate. 
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Proof. Let ( 51 , 52 , ■ ■ ■, 9 n) € G^. Since, for i = 1, 2,..., n, AiXi \ {1} is a generating set of G, there exist 

gii,gi 2 , ■ ■ ■ ,giki e Ani \ {!}, for some h < diam(G, Att*), 


such that 


gi — giigi2 ■ ■ ■ giki ■ 


This gives 


hi 

(1, . . . ,5-*, . . . , 1) = 

i=i 


hence, 


hi 

^a(I) ■ ■ ■) git • • •) 1) ^ ^ ^ ^a(I) • • •) giji ■ ■ ■ 1 !)■ 

i=i 


Substituting ([6]) into ([5|), we get 


n ki 

^A(5l,52,---,5n) < EE ^a(I) • • • ) 9ij ) • • • ) 1) 

i=l j=l 

n hi 

SEE MIa{C^{X)) 

i=i j=i 

n 

= MlAiC^{X))J2ki 

i=l 

n 

< MIa{C^{X)) Y, diam(G, ATTi), 

i=l 


( 6 ) 


in which the second inequality is due to the fact that 




This finishes the proof. 


□ 


5.1 Symmetric groups Sn and the weak conjecture 

Here, our goal is to show that the symmetric group Sn satisfies the weak conjecture. First, we apply 
Lemma 15.41 to show that Sn satisfies the weak conjecture for n >7. Then, we discuss the case n < 6. 


Example 5.5. Let A, A' be the generating sets defined in Lemma 4- 
generating sets of S^ constructed in the proof of Lemma 


and C, C' be the corresponding 


for odd and even n, respectively. Note that 


k k 

X = \ {!}) = {a, 6}, X' = lJ(C'7r, \ {!}) = {a', b). 

i=l i=l 


Therefore, we have 


C^{X) = {(1,... , a,..., 1) : 1 < i < A:} U {(1,..., 5,..., 1) : 1 < i < A:} 
C^{X') = {(1,... , a',..., 1) : 1 < f < A:} U {(1,... , 6,..., 1) : 1 < A < A:}. 
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If n is odd, for i = 1,2,... ,k, we have 

{l,...,a,...,l) = {l,...,a,b,...,ir+\ 

If n is even, for i = 1,2,... , k, we have 

{l,...,a',...,l) = {l,...,a',b,...,ir, 
il,...,b,...,l) = {l,...,a',b,...,ir-\ 

It follows that 

Mlc{C^{X)) < n + l,if n is odd, (7) 

Mlc'{C^{X')) <n,ifn is even. (8) 

Lemma 5.6. Let A, A' be the generating sets defined in Lemma [13 Then the following inequalities hold: 

diam(S'„, A) < (n — l){2n — 3)(n + 1), 
diam(S'„, A') < (n — l)(2n — 3)(2n + 1). 

Proof. A simple calculation shows that, for 1 < i < n — 1, 

^n-i+ib^i-i ^ = {i,i + 1). 

Therefore, we have 

lA{i, i + 1) < n + 1, lA'ii, i + 1) < 2n + 1. 

Let {i,i + k) be an arbitrary transposition in Sn- Since 

{i,i + k) = {i,i + l){i + l,i + 2) ■ ■ ■ {i + k — l,i + k){i + k — 2 ,i + k — 1) 

•••(i + l,i + 2)(i,i + l), 

every transposition is a product of at most 2n — 3 transpositions of the form {i,i + 1). It follows that 

lA{i, i + k) < (2n — 3)(n + 1), lA’{i, i + k) < (2n — 3)(2n + 1). 

Consider a permutation cr in S'„. Because every permutation in Sn is a product of at most n — 1 transpo¬ 
sitions, we have 

AIlA{<y) < {n — l)(2n — 3)(n + 1), MIa'{(t) = (n — l)(2n — 3)(2n -|- 1). 

The proof is complete. □ 

Lemma 5.7. Let A and A' be the generating sets defined in Lemma \4.I\ and C and C be the corresponding 
generating sets of constructed in the proof of Lemma \4.(^ for odd and even n, respectively. For n > 3 
and k >2, we have 

diam(S'^, C) < k{n — l)(2n — 3)(n + 1)^, 
provided that n is odd, and we have 

diam(S'^, < kn{n — l)(2n — 3)(2n -|- 1), 

provided that n is even. 
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Proof. Using Lemmas 15.4115.61 and the inequalities ([7]),(l8|) in Example 15.51 we have 


k 

diam{S’f,C) < Mlc{C^{A)) ^diam(5n,A) 

i=l 

< k Mlc{C'^{A))dmm{Sn,A) 

< k MlciC^{A)){n - l)(2n - 3)(n + 1) 

< k (n + l)(n — l)(2n — 3)(n + 1), 

provided that n is odd. Similar arguments apply to the case where n is even, which yields the second 
inequality. □ 

Corollary 5.8. The symmetric group Sn satisfies the weak conjecture for n > 7. 

Proof. We have (n — l)(2n — 3)(n + 1)^ < 2(n^ — 1)^ < 2n^. We induct on n > 7 to show that 2n^ < n! — 2. 
The inequality holds for n = 7. For n > 7, since 2(n + 1)^ = 2n‘^ + 8n^ + 12n^ + 8n + 2 < lOn^, then the 
induction hypothesis gives the required conclusion. Whence, for n > 7, we have 

(n - l)(2n - 3)(n + 1)^ < n! - 2. 

Also we know that n{n — l)(2n — 3)(2n + 1) < 4(n^ — 1)^ < 4n^. By induction on n > 8 we show that 
4n^ < n! —2. The inequality holds for n = 8. For n > 8, since 4(n+l)^ = 4n^+16n^+24n^ + 16n+4 < 20n^, 
then the induction hypothesis gives the required conclusion. Whence, for n > 8, we have 

n{n — l)(2n — 3)(2n + 1) < n! — 2. 

Now the result is immediate by Lemma 15.71 □ 

Note that the symmetric group S2 is Abelian so satisfies the weak conjecture. We show that the weak 
conjecture is true for the symmetric group Sn, for n = 4,5,6. Let A, A' be the generating sets defined in 
Lemma [ 4 .71 and C, C be the corresponding generating sets constructed in the proof of Lemma [4.61 We can 
calculate the diameter of Sn with respect to A, A' for small values of n by using a package called GRAPE 
0in GAP. Here is the result: 


diam(S' 4 , A') = 7, 
diam(S' 5 ,A) = 11, 
diam(S' 6 ,A') = 17. 

Therefore, by Lemma [5~4l and the inequalities ([7]), ([ 8 ]) we have 

diam(5|,C') < 28k 
diam(55,C') < 66 A: 
diam(5|,C') < 102 A:. 

It follows that the symmetric group Sn satishes the weak conjecture for n = 5, 6 but the above upper bound 
for S4 is greater than the upper bound of the weak conjecture. We perform an alternative computation to 
establish the weak conjecture for S' 4 . By Remark 15.31 it suffices to show that for 1 < i < k, the elements 

^You may find this package at http://www.gap-system.org/Packages/grape.html. 
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(1,..., , 1) may be presented as products of at most 22 generators in the generating set C. Since we 

have 


then 


(l,...,a',6,...,l)2 = (9) 

= ( 10 ) 

= ( 11 ) 

^C'(1,...,6^...,1) <2, (12) 

/c'(l,...,6,...,l) <4, (13) 

Zc'(l,...,a',...,l) <3, (14) 


for 1 < i < n. On the other hand, the elements of 5*4 in the generating set {a^,6} can be represented as 
follows: 


5*4 ={a', b, a''^,a'b, ba', b^,a'ba', a'b^, ba'b, b^a', {a'h)^, a'b^a', {ba')‘^, 
ba'b^, b^a'b, (a'6)^a', {a'b)‘^b, a'b^a'b, ba'b^a', h^a'ba', {a'b)'^ba', 
a'b^a'ba', ba'b^a'b, {a'b)‘^ha'}. 

Now, it is easy to check that for every g ^ S 4 and for 1 < i < k the elements {1,..., g,... ,1) can be written 
as a product of at most 19 generators in the generating set C as we required. 


5.2 Upper bound for the diameter of direct power of dihedral groups 

Proposition 5.9. For n > 3 and k > 1, there exists a generating set C of minimum size for such that 


diam(Zl^,C') < 


k{ 2 n — 2) if n is even, 

+ {k — l)(2n — 1) if n is odd. 


(15) 


Proof. According to Proposition 14.101 and Remark 15.11 it is enough to consider the case where n is odd. 
Let A = {a, 6} be the generating set defined in Proposition 14.101 and C be the associated generating set of 
constructed in the proof of Lemma 14.61 We prove that 


diam(Zl^,C') < —- \- {k — l)(2n — 1). 


Note that every rotation in is a power of a and every reflection in Dn is a power of a multiplied by b. 
It follows that every element in can be written in the form for some 0 < r < n — 1 and s € {0,1}. 
Choose an arbitrary element {xi,X 2 ,... ,Xk) £ D^. In view of the relations a^b = ba'^~^ and a* = 
we may write x\ as a word of length < on A. Then there exist y 2 ,y^,... ,yk £ Dn such that 

{xi,X2,... ,Xk) = {xi,y2,..., 2/fc)(l, yf^X2,yf,^X2„ ..., Vk^Xk), 


and ^ 

lc{xi,y2, ■■■,yk) < 

Write yf^Xi = ad'^b^* with 0 < < n — 1 and Sj £ {0,1}. By Remark 15.31 the proof is completed by 

showing that for 2 < i < k, 

Mlc{l,...,a''^b^\...,l) < 2n- 1. 
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We will do this by considering the following four cases. The case where s, = 0, r* is even: 

Hence, we have 

• • • ) ,..., 1) < Tj < n — 1 < 2n — 1. 

The case where Si = 0, r* is odd. We have 

(l,...,a^^6"S...,l) 

Hence, we have 

Zc'(l) ■ ■ ■, , ■ ■ ■) 1) < Tj + n < 2n — 1. 

The case where = 1, is even: 

i th 

=(!,...,a'’S...,l)(l,..., b ,...,1) 

i th 

i th 

=(1,... ,0,6,..., ... ,a, 6 

Hence, we have 

Zc'(l) ■ ■ ■, a^^b^\ ..., 1) < Tj + n < 2n — 1. 

It remains to consider the case where Sj = 1, is odd. Note that 

a^ib = ba^-^\ 


which entails 


(l,...,a’'*6,...,l) = (l,...,6a”-^%...,l) 

i th 


(1,.. 

., 6 ,... 

,,1)(1,..., 

o"-^%...,l) 


i th 



(1,.. 

.,a-,"6^ 

,...,1)(1, 

n-n m-Ti 

. . . , a , ty , . . . 


i th 


i+l—th 

(1,.. 

.,a, 6 , 

...,ir(i, 

b ,...,1) 


1 ) 


n-Ti 


Hence, we have 

/c'(l) ■ ■ ■) aJ'^b ^^,..., 1) < 2n — Tj < 2n — 1. 

The proof is complete. 

Now the following corollary is immediate by Proposition 15.91 
Corollary 5.10. The weak conjecture holds for D!^ if n is even or k < 


□ 
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5.3 Alternating groups and the weak conjecture 
Proposition 5.11. The alternating group A 4 satisfies the weak conjecture. 

Proof. As we mentioned before in Example 14.111 the generating set C constructed in Lemma 14.61 is a 
generating set of minimum size for A2 for n > 2. We show that diam(A2, C) < lOn. Let (gi, g 2 ,..., gn) S 
A 4 . By Remark 15.31 it is enough to show that ■ ■ ■ Ai9iAi ■ ■ ■ A) < 10, for 1 < i < n. Because of the 
following equalities 


we have 


(1,.. 

i th 

. , Ct , /3, . . 

= 

(1,.. 

2 th 

• ; ^ ? * * 


(1,.. 

2 th 

■ ; ^5 • 



^c(l, • 

2 th 

. . , Ct , 



2 th 


i th 


ith 


2 th 


/3 ,...,1) <4, 


1 ), 

1 ), 

1 ), 


i th 


/3^...,l) <2. 


On the other hand, the elements of A 4 can be represented over the generating set {a,/3} as follows: 

Ai = {a, /3, ,af3,13a, ,af5a, afA /3^a/3, /3a/3^}. 

i th 

Now similarly to the proof of Proposition 15.91 the length of (1,... • • •, 1) the generating set C is at 

most 10 for every element <7 G A 4 , which completes the proof. □ 


Definition 5.12. By an n-basis of a group G we mean any ordered set of n elements xi,X 2 ,... ,Xn of G 
which generates G. Furthermore, two n-bases xi,X 2 , ... ,Xn and 7/1,7/2,...,?/n of G will be called equivalent 
if there exists an automorphism 6 of G which transforms one into the other: 

XiO = yi, 

for each i = 1 , 2 ,..., n. Otherwise the two bases will be called non-equivalent. 

Example 5.13. We show that the weak conjecture is true for A^ for k = 2,3, 4. 

Proof. Let a = (1 2)(3 4), 6 = (1 2 3 4 5). It is easy to see that the pairs 

(a, 6 ), ( 6 , a),{a,A),{b^,a) 

are four non-equivalent 2-basis of A 5 . Using Corollary 14.131 we build generating sets of size two for A^, 
k = 2, 3,4. The result is as follows. Let 

Ci = {a,h}, 

G 2 = {{a,a),{b,b‘^)}, 

C 3 = {ia,b,a), {b,a,A)}, 

C 4 = {(a, 6 , a, 6 ^), {b,a,b‘^,a)}. 
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Then the sets Ci, C2, C3 and C4 are generating sets of minimum size for the groups A^, and 

Af, respectively. Using GAP we check that diam(A 5 ,C'i) = 10 and diam(A|,C' 2 ) = 18. Let {x,y,z) be 
an arbitrary element in A^. Since {x,z) G = ((a, a), (6, 6^)), there exists a word w representing {x^z) 
over the generating set C2 of length at most 18. Hence, {x,y,z) = (tci,u),rc 2 )(l, 1), where wi,W2 

are the first and second components of rc = {x,z), respectively. The word w is a word in the alphabet 
a,b corresponding to the word w, in which the pairs (a, a), (6,6^) are substituted by b,a, respectively. It 
follows that 

lc3{x,y,z) < lc:i{wi,w,W2) + lci{l,w~^y, 1 ). 

It is clear that 

lC3{wi,W,W2) < 18. 

On the other hand, we have lc 3 {^,w~^y^ 1) ^ 60, since 

diam(A 5 , Cl) = 10, (1, 6,1) = (a, 6, a)®, (1, a, 1) = (6, a, 6^)^. 

Therefore, lc 3 {x,y,z) < 18 + 60 = 78, which implies diam(A 5 ,C 3 ) < 78. 

Let (x, y, z, w) G Af. Consider the factorization 

{x, y, z, w) = {x, 1, z, 1)(1, y, 1, w) 

and the equalities 

(1, 6,1, 6^) = (a, b, a, (a, 1, a, 1) = (a, b, a, b^f, 

(1, a, 1, a) = (6, a, a)^ (6,1, b^, 1) = ((6, a, a)®. 

This leads to the following inequalities, 

hiix,y,z,w) < Ic4{xA,zA) +h4{'^,yA,'w) 

< diam(A 5 , C 2 )Mlc 4 {{a, 1, a, 1), (6,1, 6^, 1)} 

+ diam(A^, C 2 )Mlc 4 {{l, a, 1, a), (1, b, 1, 6^)} 

<18x6 + 18x6 = 216, 


which gives diam(A|,C 4 ) < 216. □ 

5.4 Upper bounds for the diameter of a direct power of a solvable group 

Despite our attempts to establish the strong conjecture and the weak conjecture for solvable groups, we 
could not do it yet. In this section we will present two upper bounds for the diameter of G”, where G 
is a solvable group. Although these upper bounds do not coincide with the proposed upper bound in the 
conjectures, they grow polynomially with respect to n. Since solvable groups have a derived series of finite 
length our strategy is to find a relation between the diameter of a solvable group and the diameter of its 
derived subgroup. For this we need to establish a relation between the generating sets of the group and the 
generating sets of its subgroups. The following lemma, well known as Schreier Lemma, gives a generating 
set for a subgroup of a group with respect to a generating set of the whole group. The generators of the 
subgroup are usually called Schreier generators. Using Schreier generators we derive a relation between 
the diameter of a group and the diameter of its subgroup. 

Definition 5.14. Let H he a subgroup of a group G. By a right transversal for G mod H, we mean a 
subset of G which intersects every right coset Hg in exactly one element. 
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Remark 5.15. Let G be a finite group with a generating set X and a normal subgroup H. It is easy to see 
that the set HX = {Hx : x G X} is a generating set of G/H. Given an arbitrary element Hg € G/H, Hg 
can he written as a product of at most D{G/H) elements in HX. Hence, there exist xi,X 2 , ■ ■ ■, € X 

such that Hg = HxiHx 2 H... Hxix^qih'j = HxiX2 ■ ■ ■ X£)(^cIH)- It shows that there always exists a right 
transversal T for G mod H such that 

Mlx{T) <D{G/H), 1 G T. 

Lemma 5.16. [12] Let H < G = (X) and let T be a right transversal for G mod H, with 1 G T. Then the 
set 

{txtf^ I t, G T, X G X,txtf^ ^ H} 

generates H. 

Using Schreier’s Lemma leads to the following observations which we are going to apply for establishing 
the main result. The hrst one is jS] Lemma 5.1]. 

Lemma 5.17. // 1 7 ^ iV, N <G, then the following inequalities hold: 

D^{G) < 2D^{G/N) D^{N) + D%G/N) + D^{N) < AD^{G/N) D^{N). 

Here we prove the non symmetric version of Lemma 15.171 

Lemma 5.18. Let G he a finite group with a generating set X and a normal subgroup H. Let T be a right 
transversal of G/H such that 

Mlx{T) < D{G/H), 1 G T. 

The following inequality holds: 

diam(G,X) < D{G/H) + {D{G/H) + 1 + Mlx{{t~^ \ t G T}))D{H). 

Furthermore, we have 


D{G^) < DifG^/H'^) + (1 + \G\D{(G^lff^))D{H^). 

Proof. Given g ^ G, we have g = ht for some h & H and t gT. Hence, we have 

lx{g) < ^x{t) + lx{h). 

Since Mlx{T) < D{G/H), then lx{g) < D{G/H) + lx{h). Using Lemma [5T6] we get lx{h) < {D{G/H) + 
1 + Mlx{{t~^ I t G T}))D[H). Combining these two facts gives the upper bound in the first inequality. 
Now, we prove the second statement. Let X' be a generating set of G” and let T' be a right transversal of 
such that 

MlxfiT') < D{G^/H'^). 


Proceeding as above for the case n = 1, it suffices to show that 


For given t G T' we have 
Since 

then we obtain 
Hence, we have 


Mlx'{{t-^ I t G T'}) < (|G| - 1)D{G^/H^). 
lx'{t) < D{G^/H^). 

lx'it~^) < {o{t) - Ifixfit). 


lx'{t-^) < (IGI - 1)71(G7R”), 

since the order of any element g G G'^ is at most |G|. The proof is complete. 


□ 
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Now we are ready to present two upper bounds for the diameter of a direct power of a solvable group. 
First, we need to prove the following elementary observation. 

The following corollary is straightforward by using Lemma 15.181 

Corollary 5.19. Let G be a non Abelian solvable group. Let 

{1} = g(') 0 <G' <G 

be the derived series of G. The following inequality holds: 


1-2 

D{G^) < n^\G\ n(|G«| + l). 

1=0 

Proof. For n = 1 it is obvious. Let n > 2. Since {G^)' = {G')^ for k >1, then the derived series of G” is 

{ 1 } = (g('))" < 0 ... <3 (G")” <3 (G')” <1 G”. (16) 

Applying Lemma [5.181 to the group G” with the subgroup (G')"' gives 

D(G^) < L>(G^/(G')’") + (1 + |G|Z1(G’"/(G')'‘)I1((G')”) 

= D{G'^/{G'T) + D{{G'T) + \G\D{G^/{G'T)D{{G'Y) 

< D{G'^/{GT)D{{G'T) + |G|L>(G’"/(G')”)L»((G')’") 

= Z1(G"/(G')")I1((G')")(1 + |G|), 

the second inequality follows from the fact that D{G'^ j (G')”), L>((G')”') > 1 and this is because the quotient 
group GjG' and the commutator subgroup G' are nontrivial and n > 2. By repeating the process for the 
other subgroups in the series (jl 6 p we have 


1-2 

D{G^) < D{G'^/{G'T)D{{G'Y/{G'T) ■ ■ ■ D{{G^^-^^T) J|(|GW| + 1 ). (17) 

i=0 

Since for every group G with a normal subgroup H we have G'^/H^ = (G/H)'^, then 


1-2 

D{G^) < D{{G/GT)D{{G'/G'T) • • • I1((G(^-^))”) JJ(|GW| + 1). (18) 

i=0 

Since all the quotient groups in the inequality (fTSl) and the group are Abelian by Corollary 13.21 we 

get 

L>(G") < n^D{G/G')D{G'/G") ■ ■ ■ 

1-2 

£)(G('-2)/g{'-i))D((G('-i)) JJ(|G(*)| + 1) 

i=0 

1-2 

< n'|G/G'||G7G"| • • • |G('-2 )/g('-i)||G('-^)| ]J(|G(*)| + 1) 

i=0 

1-2 

= n'|G| ]J(|G«| + 1). □ 

i=0 
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For finding the second upper bound we start by presenting an upper bound for the symmetric diameter 
of a direct power of a solvable group and then we apply this to find an upper bound for the diameter of 
such a group. 

Proposition 5.20. If G is a solvable group then 

D%G^) < |G|, 

where I is the length of the derived series of G. 

Proof. Let 

{ 1 } = g(') < <---<iG" <iG' <G 

be the derived series of the group G. Since for 1 < i < / we have 

the series 

{ 1 } = <] <■■■< (G'T < {G'T < G^ 

is the derived series of the group G^. Using the second inequality in Lemma 15.171 the maximum of the 
diameter of the group G” is bounded above by 

4 Z -1 d%G^/{G')^) D^{{G'f/{G'')^) ■ ■ ■ (19) 

Whereas, for 0 < i < Z — 2 we have 

(G(*))”/(G*'*^^^)” = 

and the factors in a derived series are Abelian, by Corollary 13.21 we get 

< ^|GW/g(*+i)| = n\G^^\/\G^^+^'^\ (20) 


for 0 < i < Z — 2 and 


G)^((G(^-i))^) < 

Substituting the inequalities (l2n]l and ([211) in (fT9l) . we get 

D"(G’") < 4'"^n' |G|, 


( 21 ) 


which is the desired conclusion. □ 

We apply the following Lemma to give an upper bound for the diameter by using the symmetric 
diameter. 

Lemma 5.21. Let G be a finite group and X be a set of generators. The diameter and the symmetric 
diameter are related as follows: 

diam(G, X) < 2(diam^(G, X) + 1)(|X| + 1) In |G|. 

Proof. See [U Corollary 2.2]. □ 
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Corollary 5.22. Let G be a solvable group of derived length I and let A be a generating set of G” of 
minimum size. Set rank(G) = a, rank(G/G') = j3. The following inequality holds, 


diam(G"', A) < 2(4^ |G| + l){n/3 + l)nln |G|, 

for n> a/13. In particular, if G is a p-group, then 

D{G^) < 2(4'-in' |G| + l)(n/3 + l)nln |G|, 

for n > 1. 

Proof. By Lemma 15.211 we have, 

diam(G’^, A) < 2(diam^(G”, A) + 1)(|A| + l)nln |G|. 

In addition, diam^(G"', ^4) < D^{G'^) by definition. Now by using Proposition 15.201 and Theorem 14.141 we 
get the desired conclusion. The second statement follows from these two facts: First, if G is a p-group then 
every minimal generating set is a generating set of minimum size, which follows from the Burnside’s Basis 
Theorem [3]. Second, by Corollary 14.41 if G is a nilpotent group (note that every p-group is nilpotent) 
then rank(G) = rank(G/G'). □ 


As an example of a non Abelian solvable group which is also a 2-group we verify the quaternion group 
Qs- Let Qs = {il, 3ik} be the quaternion group in which 

•2 -2 7 2 1 

i = j = k = —1 


and 


ij = k,jk = i,ki= j,ji = -k, kj = -i, ik = -j. 


We have Qg = Z 2 and Q%/Q'^ = Z 2 x Z 2 . The length of the derived series of Qg, is 2. Hence, I 
j3 = rank(Z2 x Z 2 ) = 2 in the notations of corollaries 15.1915.221 Therefore we have 

D{Q^) < 72n^ 


2 and 


by Corollary 15.191 and 

D{Qs) < 2n(32n2 l)(2n -k l)/n(8) 

by Corollary 15.221 

We now present another upper bound for the diameter of the direct power of the quaternion group Qg 
in the following example. 

Example 5.23. For n > 1 we have D{Qg) < 8n^ -|- 3n. 

Proof. Consider the normal subgroup H = {1,-1}. Let X be a generating set of Qg. We have < Qg. 
Let T be a right transversal of Qg mod H"' such that 


l€T,Mlx{T\{l}) <D{Q^/H^). 


Using Lemma 15.181 we have 

diam(Q^, A) < D{Q^/H^) + {D{Q^/H^) + 1 + | t G T}))D{H^). 


On the other hand, since H = Z 2 , Qg/H = Z 2 x Z2, we have 

diam((5g, X) <2n + (2n -|- 1 -k Mlxi{t~^ \ t G T})n. (22) 

Since for every g G Qg, g'^ = 1, for every t £ T, t~^ = t^. Hence, the following inequality holds: 

lx{t-^) < Slxit) < 3D{Q^/H^) < 6n. 

Substituting Mlx{{t~^\t G T} by 6n in ([22]) we get 

DiQg) < + 3n. □ 
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6 Conclusion 


Despite our attempts to prove or disprove the conjectures, they remain open problems and at this point 
of the work it is very difficult to say something about the validation of them. To prove or disprove the 
weak conjecture for dihedral groups, alternating groups and solvable groups is still open. Nevertheless, 
improve the upper bounds in Corollaries 15.191 and 15.221 could be one step towards proving the weak or 
strong conjecture for solvable groups. 
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DIAMETER OF A DIRECT POWER OF A FINITE GROUP 


KARIMI, N. 


Abstract. We present two conjectures concerning the diameter of a direct power of a finite 
group. The first conjecture states that the diameter of G" with respect to any generating set 
is at most n{\G\ — rank(G)); and the second one states that there exists a generating set A, of 
minimum size, for G” such that the diameter of G" with respect to A is at most n(|G| —rank(G)). 
We will establish evidence for each of the above mentioned conjectures. 


1. Introduction 

Let G be a finite group with a generating set A. By the diameter of G with respect to A we 
mean the maximum over g G G oi the length of the shortest word in A expressing g. Our definition 
here is a bit different from the one which has been usually considered in the literature. Usually 
group theorists define the diameter to be the maximum over g G G oi the length of a shortest 
word in A U A~^ expressing g. Let us call this version of the diameter to be “symmetric diameter”. 
There are several results in the literature concerning the estimation of the symmetric diameter 
of a finite group. For instance, asymptotic estimates of the symmetric diameters of non-Abelian 
simple groups with respect to various types of generating sets can be found in the survey [S] , which 
also lists related work, e.g. on the diameters of permutation groups. Furthermore, the area has 
progressed a lot over the last few years (see for instance O [3 [U [U [2l |4l |3] ). 

It is the first time that the author is implicitly interested in the diameter of a direct power of a 
finite group. In fact, the motivation comes from a semigroup problem. More precisely, in m the 
notion of depth parameters for a finite semigroup has been introduced and beside estimating the 
depth parameters of some families of finite semigroups, the behaviour of one of that parameters 
with respect to the direct product and wreath product have been verified . There, the diameter of 
a direct power of a finite group (i.e. the group of units of a semigroup) plays an essential role in 
the control of the length of a semigroup element. 

Throughout this paper, G" denotes the n-th direct power of G, and rank(G) denotes the cardi¬ 
nality of any of the smallest generating sets of G. Let A be a generating set of minimum size of G" 
(i.e. rank(G"') = |A|). Our objective is to find a reasonable answer to the following question. How 
large can be the diameter of G" with respect to A? A simple argument shows that the diameter of 
a group with respect to any generating set is bounded above by the group order minus the group 
rank (see Proposition [23]). This bound is tight for cyclic groups. It is obvious that G" is not cyclic 
for n > 2 and |G| ^ 1. Then, the following natural question arises. Is there any smaller upper 
bound (less than |G"| — rank(G"')) for the diameter of G"? In fact, |G|" — rank(G") is exponentially 
large in terms of |G|. The more precise question in which we are really interested is whether the 
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diameter of a direct power of a finite group is polynomially bounded. These questions lead to the 
following conjectures. 

Conjecture (strong). Let G be a finite group. The diameter D{G^) is at most u(|G| — rank(G)). 

Conjecture (weak). Let G be a finite group. There exists a generating set A for G" of minimum 
size such that 

(1) diam(G", A) < n(|G| — rank(G)). 

Note that both conjectures hold for trivial groups. As the second conjecture is a consequence of 
the first one, it may be easier to establish. Anyway, each of the proposed conjectures has advantages 
and disadvantages when attempting to prove them. The difficulty in proving the weak conjecture is 
dealing with generating sets of minimum size for the direct powers of finite groups. Finding such a 
generating set is itself a problem. Nevertheless, there exist in the literature many results concerning 
the computation of the rank of a direct power of a finite group, e.g., [B mi nil nil US]- On the other 
hand, every direct power G" of a finite group has a generating set, called canonical generating set 
(Definition [TH]), which satisfies the inequality O- So, the weak conjecture for groups whose rank is 
equal to the size of the canonical generating set is true. For instance, the canonical generating set 
for direct powers of nilpotent groups is a generating set of minimum size lCorollarv l.‘1.4l) . Therefore, 
nilpotent groups satisfy the weak conjecture easily. However, the canonical generating set is not 
always a generating set of minimum size. Then the difficulty of establishing the weak conjecture 
appears when we consider the groups for which the rank of their direct powers is not equal to the 
size of the canonical generating set. On the other hand, the strong conjecture concerns arbitrary 
generating sets. It has the advantage that there are many results in the literature concerning the 
computation of the diameter of a finite group with respect to an arbitrary generating set. Hence, 
we may use the upper bounds obtained by other authors to approach the strong conjecture . 

This paper is organised as follows. After Preliminaries, in section |3] we present evidence for the 
conjectures. In I3T1 we prove that Abelian groups satisfy the strong conjecture. In 13.21 we show 
that the weak conjecture is true for nilpotent groups, dihedral groups, symmetric groups and finally 
for some powers of imperfect groups. 


2. Preliminaries 

Throughout the paper all groups are considered to be finite . The subset A C G is a generating 
set of G, if every element of G can be expressed as a sequence of elements in A0 By the rank of 
G, denoted by rank(G), we mean the cardinality of any of the smallest generating sets of G. By 
the length of a non identity element g & G, with respect to A, we mean the minimum length of a 
sequence expressing g in terms of elements in A . Denote this parameter by lA^g)- 

Convention 2.1. We consider the length of identity to be zero, i.e. ?a(1) = 0 for every generating 
set A. 

Definition 2.2. Let G be a finite group with generating set A. By the diameter of G with respect 
to A we mean 

diam(G, A) := max{/A(5) : 9 G G}. 

Notation 2.3. Let G be a finite group with a generating set A. Let S be a subset of G. Denote by 
MIa{S) the maximum oflA{s) over all s in S . Note that MIa{G) = diam(G, A). 

^'Usually A C G is considered to be a generating set, if every element of G can be expressed as a sequence of 
elements in A U A~^. When G is finite the definitions coincide. 
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Notation 2.4. Denote by D{G) the maximum diameter over all generating sets of G. 

The following proposition gives a general upper bound for the diameter of a finite group. 

Proposition 2.5. Let G be a finite group. The inequality D{G) < IGj — rank(G) holds. 

Proof. Let X be an arbitrary generating set of G. It is enough to show that diam(G, X) < |G| — 
rank(G). We can suppose, without loss of generality, that 1 ^ X. Let diam(G, X) = t. There exist 
g € G and xi,X 2 .. ■ ,xt G X such that g = xiX 2 ■ ■ ■ Xt and t is the smallest number for which g 
has such a kind of decomposition in X. Hence Xi^XiX 2 , • • ■, xiX 2 ■ ■ ■ Xt are t distinct non identity 
elements of G. On the other hand, X has |X| — 1 elements distinct from xi,xiX 2 , • ■ •, xiX 2 ■ ■ • Xt. 
By adding the identity to these distinct elements we get |G| > t + |X| — 1 + 1, which gives the 
inequality diam(G,X) < |G| — |X|. Now, the result follows from rank(G) < |X|. □ 

The next definition introduce a generating set (let us call it canonical) for any direct power G" 
with respect to a fix generating set of G. 

Definition 2.6. Let G be a finite group with a generating set A. By the canonical generating set 
of G" with re.spect to A, we mean the set 

i th 

G"(H) :={(1,...,^,...,1) :zG{l,2,...,n},aG A}. 

We explain the following easy fact as a remark because we are going to use it frequently. 

Remark 2.7. Let ( 51 , 52 , • ■ •, ffn) G G" = (H). Since {gi, g 2 ,..., g-n) is a product of n elements of 
the form {1,... ,gi,..., 1), then we have 

n 

(2) lA{9l,g2,---,9n) < 

i=l 

Lemma 2.8. Let G be a finite group with a generating set A. For n > 1 the following inequality 
holds: 

diam(G”, G”(H)) < n diam(G,Al). 

Proof. Use Remark 1 2. 71 Then Definition 12.61 gives the desired conclusion. □ 

The following easy lemma gives an upper bound for the diameter of a direct power of a finite 
group G in terms of the diameter of the group G. 

Lemma 2.9. For a given generating set A of G^, we have 

n 

diam(G",H) < MIa{G'^{X)) ^ diam(G, Htt,), 

i^l 

where tt^ : G maps each element to its i-th coordinate and X = 

Proof. Let ( 51 , 32 , ■ • • ,5n) G G". For i = 1,2,... ,n the set H7ri\{l} is a generating set of G. Hence 
each gi is generated by a sequence of length at most diam(G, Ani) in H7ri\{l}. Let gi = guga ■ • ■ giki 
for some gi^gi 2 , • • ■, giki £ \ {1} ^ diam(G, A-Ki). This follows that 

ki 

^a( 1, ■ ■ •, 5i, ■ ■ •, 1 ) — 'y ^ ^a(1, ■ ■ ■, 9ij! • • ■, !)■ 


(3) 
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Substituting (|31) into ([2|), we get 

n ki 

Ia{9i,92, ■■■,9u) ^a(1: ■ - ■ 1 9ij ; • ■ • ; 1) 

j=l 
n ki 

^EE MUiC^iX)) 

i=l j=l 

n 

= MlA{C^iX))Y,h 

i=l 

n 

< MIa{C^{X)) diam(G, An,), 

i=l 

in which the second inequality is due to the fact that {1,... ,gij,... ,1) G C^{X). □ 

3. Evidence for the strong and the weak conjectures 

3.1. Strong conjecture. We easily establish strong conjecture for Abelian groups by using The¬ 
orem IQ which have been proved in m ■ 

Theorem 3.1. [12j Let G be a finite Abelian group which is a direct product of cyclic subgroups 
whose orders mi,m 2 , ■ ■ ■, mk satisfy mi \ mi-i for i = 1,2,... ,k. Then we have 

k 

i=l 

Corollary 3.2. The strong conjecture holds for Abelian groups. 

Proof. Let G be a finite Abelian group which is a direct product of cyclic subgroups Gi, G 2 ,..., Gfe 
whose orders mi, m 2 ,..., mk satisfy mi \ mi-i for i = 1, 2,..., fc. Then we have G" = Gf x G 2 x 
■■■ X CJj. Using Theorem 13.11 we obtain 

k k 

G(G") =Y^ (|C*I - 1) = « Ed*^*! - 1) ^ «(|G| - rank(G)). □ 

i=l i=l 

3.2. Weak conjecture. For proving the weak conjecture, the first thing which we need is to 
find a generating set of minimum size for G". Regarding to Lemma 12.81 and Proposition 12.51 , 
if the canonical generating set of G" is a generating set of minimum size, then G satisfies the 
weak conjecture easily. But in general the canonical generating set is not always a generating set of 
minimum size. In what follows we determine a family of finite groups whose the canonical generating 
set, with respect to a generating set of minimum size of G, is a generating set of minimum size of 
G". Then we show that nilpotent groups are contained in this family and so they satisfy the weak 
conjecture. 

Lemma 3.3. [TB] Let G be a finite group and k be a positive integer. The following inequalities 
hold: 

(4) fcrank(G/G') < rank(G^) < fcrank(G), 

where G' is the commutator subgroup of G. 
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Lemma 3.4. Let G be a finite group. For n > 1, i/rank(G') = rank(G/G''), then rank(G") = 
nrank(G). Furthermore, if A is a generating set of minimum size of G, then G'^(A) is a generating 
set of minimum size of G" . 

Proof The first statement is an immediate consequence of Lemma 13.31 The second one is obtained 
from the fact that the size of canonical generating set G”(^) is equal to n |^| . □ 

Lemma 3.5. Every group G with the property rank(G"') = nrank(G), satisfies the weak eonjeeture. 

Proof. Let ^ be a generating set of minimum size of G. By Lemma 1?^ G”(A) is a generating set of 
minimum size of G". On the other hand, by Lemma [2781 we have dim(G", G”(A)) < n dim(G, A). 
We now apply Proposition 12.51 which completes the proof. □ 

3.2.1. Nilpotent groups. 

Lemma 3.6. If G is nilpotent, then rank{G) = rank(G/G'). 

Proof. Note that, if 77 is a homomorphic image of a finite group G, then rank( 77 ) < rank(G). 
Therefore, it is enough to show that rank(G) < rank(G/G') for every finite nilpotent group G. Let 
A = {giG', g 2 G',..., gkG'} be a generating set of G/G' of minimum size. Consider an arbitrary 
element g G G. There exist some ii,i 2 ,...,ii G {l,2,...,/c} such that gG' = gij^gi^ ... g^G'. 
This shows that G is generated by {51,52, ■ • ■ , 5 fc} together with some elements in G'. Because 
G is nilpotent, it is generated by {51,52, ■ • ■, 5fc} alone, see [T 31 page 350]. Therefore, we get 
rank(G) < rank(G/G'), which completes the proof. □ 

Corollary 3.7. The weak conjecture holds for nilpotent groups. 

Proof. Let G be a nilpotent group. Now apply Lemmas 13.6113.41 and 13.51 respectively. □ 

Finding a generating set of minimum size for a direct power of a group whose rank(G"') 
nrank(G) is itself a problem. Nevertheless, there exist several results concerning the computation 
of the rank of a direct power of a finite group, e.g., [HllllllTllIIllIl]. We use such kind of results 
to find generating sets of minimum size for direct powers of symmetric group Sn and dihedral group 
Dn- 

Definition 3.8. A group is said to be perfect if it equals its own commutator subgroup; otherwise 
it is called imperfect. 

Lemma 3.9. Let G be a finite imperfect group. IfG is generated by k elements of mutually coprime 
orders, then rank(G") = n, for n> k. 

Proof. Because G is not perfect, it follows from Lemma [3.31 that rank(G") > n. Suppose A = 
(01,02,... ,afe} is a generating set of G such that the afs are of mutually coprime orders. Let 
n > k. We construct a generating set of size n for G". For 1 < i < n, define the elements gi G G" 
as follows: 
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We prove that C = {31,32, ■ • ■ ,3n} is a generating set of G". If we show that G generates G"(A), 
then we are done. Choose an arbitrary element (1,..., a^,..., 1) € G"(A). Since the a^’s are of 
mutually coprime orders, there exists a positive integer (. such that 

(1, . . . , Ui, . . . , 1) = (1, . . . , Ui, . . . , Ui, . . . , Ufe, ..., 1) . 

This yields the desired conclusion. □ 

3.2.2. Dihedral groups Dn- 

Definition 3.10. The dihedral group Dn is the group of symmetries of a regular polygon with n 
sides. 


We consider the dihedral group Dn as a subgroup of 5'„. 


Proposition 3.11. Let k >2. For odd n, the rank of D^ is k; and for even n, the rank of D^ is 
2k. 


Proof. Suppose for the moment that n is odd. Let 



2 

3 .. 

,. n\ 

, b = 

2 3 

n — 1 n\ 

12 

3 

4 .. 

• 1/ 


n n — 1 

3 2 ) 


It is easy to check that A = {a,b} is a generating set of Because a,b have coprime orders, 
Lemma [HiS] gives the desired conclusion. 

Now let n be even. The commutator subgroup of is a cyclic group of order and the 
quotient group is the Klein four-group and thus 


rank 


(Ra 

\D'n 


= 2 . 


On the other hand, we have rank(Il„) = 2. Using Lemma [3.41 we get rank(Il*) = 2k. 


□ 


Theorem 3.12. The dihedral group Dn satisfies the weak conjecture for n >2. 


Proof. According to Proposition 13.111 and Lemma 13.51 it is enough to consider the case where n 
is odd. Let A = {a,b} be the generating set defined in Proposition 13.111 and G = {31,32, • ■ ■, 3/c} 
be the associated generating set of D^ constructed in the proof of Lemma 13.91 We prove that 
diam(il^, C) < k (2n — 2). 

We first consider k = 2. Since ab = ba~^ and ba = a~^b, it is easy to check that for s, t > 1, 


( 5 ) 




S 


Let X G Dn. It is shown that lc{x) < 2{2n — 2). Using JS]) and 0(31) = 0(32) = 2n, we may assume 
X = 3^32 for some 0 < i,j <2n — 1. If i,j <2n — 2, then we are done. We argue the case that at 
least one of the powers is 2n — 1. Without loss of generality, let i = 2n — 1 and j > 2n — 3. Using 
we get either x = 32" ^31 or cc = 32" ^g^^ ^ if j is odd or even, respectively; and in the both 
cases the inequality lc{x) < 2{2n — 2) holds. 

Now we consider fc > 3. In what follows the subindex i is considered to be i modulo k. An easy 
computation shows that for s,t > 1, 


( 6 ) 

( 7 ) 


9i9\+i = gl+l^ *9t and gl+^g^ = gt9i+i ‘ 

gtg] = 9*j9t 


for i >1, 
for j ^ {i — l,i + !}■ 
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Let X G D^. We show that lc{x) < k{2n — 2). Using ([5]), (0 and since o{gi) = 2n, we may assume 
^ = 9i 92 9^3 ■ • ■ some 0 < < 2n — 1. If ij < 2n — 2 for every j > 1, then we are done. 

We argue the case that at least one ij is 2n — 1. Repeated applications of (|6]) and 0 lead to the 
following equations 


( 8 ) 

(9) 


2n-l 2n-l 

9j 9j+l ■ 


2r> —1 

.-ffj+t =gj+t9j+t-i 


■9j+i9j ) 


2n-l U+i 

9] 9j+i 


2n-ij+i 2n-l 
9j+i 9j 


for > 1. Note that the length of the sequence in the right side of 0ist+2n — 1 < (t+l)(2n —2). 
Furthermore, at least one side of 0 has length at most 2{2n — 2). Now consider the following two 
cases. First suppose that ik ^ 2n — 1 or ik = 2n — 1, ik-i = 2n — 1. In this case, the sequence 
91^9^9^3 ■ ■ ■9'k concatenation of subsequences of the following forms: A sequence such as the 
left side of 0, a sequence such as the left side of 0 with <2n — 2 and a sequence in which all 
the powers are less than or equal to 2n — 2. Hence by starting from x = 9 ]^ 9^2 9^3 ■ ■ ■ 9^k using 
equations 0,0 one can always find a sequence of length at most k{2n — 2) which presents x. Now 
suppose that ik = 2n— I, ik-i ^2n — l. If ii is even, let x = g' 29'3 ■ ■ ■ ! otherwise let 

X = < 72 "”*^ 53 ^ • ■ • ■ It is easily seen that the new presentations of x are sequences with 

the property of the previous case. This completes the proof of the theorem. □ 


3.2.3. Symmetric groups Sn- Here, our goal is to show that the symmetric group satisfies the 
weak conjecture for n > 2. First, we need to find a generating set of minimum size for S^. Denote 
by ord((;) the order of a group element g. 


Lemma 3.13. For n > 3, the symmetric group Sn is generated by two elements of coprime order. 
Proof. Define the permutations a, a' and b as follows: 


and 


1 

2 

3 .. 

. n\ 

, 1 

2 

3 .. 

,. n\ 

“ = (2 

3 

4 .. 

■ 1 

,a =(l 

3 

4 .. 

■ 2 ) 


b = 


2 3 
1 3 


It is known that the full cycle a and the transposition b generate Sn [9]. On the other hand, note 
that a'b = a. Hence the sets {a, b} and {o', b} are generating sets of S'„. Note that 

ord(a) = n, ord(6) = 2, ord(a^) = n — 1. 

Therefore, for odd n, the set A = {a, b} and, for even n, the set A' = {o', b} are the desired 
generating sets. □ 


Corollary 3.14. For k >2, the equality rank(S'^) = k holds. 

Proof. Since the derived subgroup of Sn is A„ and S'„ is not perfect, the assertion follows immedi¬ 
ately by Lemmas 13.91 and 13.131 □ 


From now on, let A and A' be the generating sets defined in Lemma 13.131 and C and C be the 
corresponding generating sets of S^ constructed in the proof of Lemma 13.91 for odd and even n, 
respectively. By Corollary 13.141 C and C are generating sets of minimum size of for odd and 
even n, respectively. 
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Lemma 3.15. 

diam(5'„, A) < (n — l)(2n — 3)(n + 1), diam(5'„, A') < {n — l)(2n — 3)(2n + 1). 


Proof. A simple calculation shows that, for 1 < j < n — 1, 


{i,i+ 1). 


Therefore, we have 

* + 1) < ■«■ + 1, * + 1) < 2n + 1. 

Let {i,i + k) be an arbitrary transposition in Sn- Since 

{i,i -\- k) = (i, z + l)(i + 1, i + 2) • ■ • (i + fc — 1, i + fc)(i + fc — 2, i + fc — 1) 

■•■(i + l,i + 2)(i,z + l), 

every transposition is a product of at most 2n — 3 transpositions of the form (z,z + 1). It follows 
that 

ZaC*,* + k) < {2n — 3)(n + 1), Za'(*, * + Zc) < (2n — 3)(2n +1). 

Consider a permutation cr in S'n. Because every permutation in Sn is a product of at most n — 1 
transpositions, we have 


^a(o') < (n — l)(2n — 3)(n + 1), /a'(o’) = {n — l)(2n — 3)(2n + 1). 
The proof is complete. 


□ 


Now we are ready to prove the main theorem. 


Theorem 3.16. The symmetric group Sn satisfies the weak conjecture for n > 2. 


Proof. The symmetric group S 2 is Abelian so satisfies the strong conjecture and consequently the 
weak conjecture. The symmetric group S 3 may be considered as the dihedral group D 3 which 
satisfies the weak conjecture by Theorem 13.121 Using GAP [15] says that diam(5'4. A') = 7 and the 
elements of Si in the generating set {o', b} are expressed as follows: 


5'4 ={a',b, a'^ 

a'b, ba', a'ba', a' 

’6^, ba'b, b^a', (a'b)^, a'b^a', {ba'Y 

, ba'b’^ 

ba'b^a', b^ 

a'ba', {a'b)^ba', a'b 

^a'ba', ba'b' 

^a'b, {a'bYba'}. 


Since we have 





(10) 

(1,- 

.., a', 6,... 

Af = {i,...A,b\.. 

..,1), 

(11) 

(1, 

... ,a',6,.. 

.,1)4 = (1,...,1,6,., 

■•,1), 

(12) 

(1,- 

.., o', 6,... 

,l)3 = (l,...,a',l,.. 

..,1), 

then 





(13) 


^C'(l) ■ 

1) <2, 


(14) 


^C'(l: 

,...,6,...,1) <4, 


(15) 


^C'(l, 

...,a',...,l) <3. 



i—th 

Hence, it is easily seen that for every g € S 4 and for 1 < * < fc, (1,... . •., 1) can be written 

as a product of at most 19 generators in C. Therefore, by Remark |2.71 any element in S^ can be 
expressed as a sequence of length at most 19fc in C. Since C' is a generating set of minimum size 
and 19 < 4! — 2, then S 4 satisfies the weak conjecture. 
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Let n > 5. According to Lemma we have 

k 

(16) diam{S^,C) < Mlc{,C^(,X)) ^ diain(5'„, Ctt,), 

k 

(17) diam(5'^,C") < Ml'c{C'^ {X')) ^ diam(5'„, CV^), 

where Ctt* = {a, 6,1}, = {a', 6,1} for i = 1, 2,, k. Consequently, we have 


k k 

^ = {!}) = {«,&}, v = U(CVA{!}) = {«',&}, 

i—1 2=1 


which gives 

C'^{X) = {(1,..., a,..., 1) : 1 < i < fc} U {(1 ,... ,b,... ,1) : 1 < i < k} 
C'^{X') = {(1,..., a',..., 1) : 1 < i < fc} U {(1,..., 6,..., 1) : 1 < i < fc}. 


If n is odd, for i = 1, 2,..., fc, we have 


i—th 


i—th 


i—th 


(l,...,'a , 1,...,1) = (l,...,"^ ,6, ...,l)”+\ (1,...,1, 6 ,...,1) = (l,...,a, h i-th,..., 

If n is even, for i = 1, 2,..., fc, we have 


i—th 


i — th 


i—th 


i—th 


(1,..., a' ,l,...,l) = (l,...,^,6,...,l)", (1,...,1, 6 ,...,l) = (l,...,a', b,...,iy 


It follows that 


(18) MlciC’^iX)) <n + l and Mlc'{C’^{X')) < n 

respectively for odd and even n. 

Using GAP for the symmetric groups S '5 and Sq gives diam(S' 5 , A) = 11 and diam(5'6. A') = 17. 
Therefore by the inequalities (|T 6 )) . (flTl) and (fT 8 |) we have diam(5'f,C') < 66 A: and diam(S'|,C") < 
102 fc, which establishes the weak conjecture for the symmetric groups S '5 and Sq. 

Let n>7. Applying Lemma IB.lSI and inequalities (ITBl) and (IT71) we conclude that diam(S^, C) < 
fc(n+ l)(n — l)(2n —3)(n +1), where n is odd; and diam(S^, C") < A: n(n — l)(2n — 3)(2n +1), where 
n is even. Now by induction on n, it is easily seen that (n + l)(n — l)(2n — 3)(n + 1) < (n! — 2) for 
n > 7; and n{n — l)(2n — 3)(2n + 1) < (n! — 2) for n > 8. This completes the proof. □ 


3.2.4. Imperfect Groups. For every finite imperfect group G whose rank(G/G') > 2, there exists a 
constant c (depend on the group G) such that the weak conjecture holds for n-th direct power of G, 
for n > c. The key to the proof of this claim is the following theorem has been proved by Wiegold 

in [T7] . 

Theorem 3.17. [T7] Let G be a non-trivial imperfect group, and set rank(G) = a, rank(G/G') = /3. 
If P >‘2^, then equality rank(G"') = fin holds, for n > 

Proposition 3.18. Let G be a non trivial imperfect group such that rank(G) = a and rank(G/G') = 
/3 > 2. Then G” satisfies the weak conjecture for n > 




10 


KARIMI, N. 


Proof. By Theorem 13.171 we have rank(G") = nrank(G/G') for n > Since G/G' is Abelian, 
then we have rank((G/G')") = nrank(G/G'). Moreover, since G"'/(G')" = (G/G')" and (G')" = 
(G")', then we get rank(G") = rank(G"/(G")'). Now the proof is complete by applying Lemmas 
[Ml and m for G", respectively. □ 

In [T7], also have been stated that for finite solvable groups, Theorem 13.171 can be improved as 
follows: 

Theorem 3.19. [17] Let G he a non-trivial solvable group, and set rank(G) = a, rank(G/G') = /3. 
The equality rank(G") = jdn holds, for n > 

We are thus led to the following proposition. 

Proposition 3.20. Let G be a non trivial solvable group such that rank(G) = a and rank(G/G') = 
p. Then G" satisfies the weak conjecture for n > ^. 

Proof. The proof follows the same lines as that if Proposition [XHl □ 

4. Conclusion 

Despite our attempts to prove or disprove the conjectures, they remain open problems and at 
this point of the work it is very difficult to say something about the validation of them. To find 
an example of a non Abelian group for which the strong conjecture is true and to prove the weak 
conjecture for alternating groups and solvable groups may be more evidence which the author is 
trying to establish as a future work [TO] . 
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